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Plane Couette flow is analyzed according to the method of elementary 
solutions previously developed by the author. Different series expansions 
are constructed for the solution and are shown to be always convergent. 
However, the different expansions are such to ensure rapid convergence 
for different flow regimes. 
1. INTRoDUOTI~N 
The plane Couette flow is perhaps the most studied problem in gas- 
dynamics as based on the linearized Boltzmann equation [l-7], in particular 
by using the well-known model proposed by Bhatnagar, Gross, and Krook [8]. 
Among the methods which have been rigorously shown to converge, it is 
to be noted the metod proposed by Willis [4, 51, the larger is the Knudsen 
number Kn = l/d, the more rapidly Willis’ procedure converges (here 1 
is the mean free path and d the distance between the plates). 
In fact, if one sets up an integral equation for the mass velocity and looks 
for an expansion in a Neumann-Liouville series, he gets convergent results 
for every value of Kn (at least for the B.G.K. model). But, as Kn becomes 
smaller and smaller, too much terms of the series are required to give good 
results. 
The procedure of solving the B.G.K. integral equation by finite differences 
is useful, too, but often it is not possible to evaluate the precision of the 
results; it has been used by Willis [7] for the plane Couette flow, and by 
Cercignani and Daneri [9] for the plane Poiseuille flow. 
In the present paper, the plane Couette flow is analyzed by the method 
of elementary solutions proposed by the author [lo]. This method has been 
already used to evaluate the slip constant [I l] and to study the Kramers 
problem in the presence of both a perfectly diffusing [lo, 121 or a partially 
diffusing [12] wall. 
From this last work the flexibility of our method appears evident. In fact 
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the method, if conveniently used, gives convergent series for the distribution 
function; the most evident advantage is that different procedures in handling 
the method give different series (sometimes series ratios) rapidly converging 
for Kn + 0 or for Kn -+ co, as it becomes evident in the following sections. 
2. REDUCTION OF THE PROBLEM TO THE 
SOLUTION OF A FREDHOLM INTEGRAL EQUATION 
Let us assume that the plane x = 0 is midway between the plates bounding 
the gas; let the first plate, placed in x = d/2, move with a constant velocity, 
w/2, in the direction of the z-axis, while the second, placed in x = - d/2, 
moves with velocity - w/2 in the same direction. 
The temperature T is supposed to be the same for both the plates and 
(2kT/m)l12 units are used for velocities; here k is the Boltzmann constant and 
m the molecular mass. 
Now, it is well known that the hypothesis w < 1 allows the Bolztmann 
equation to be linearized. In fact, let us write the distribution function in the 
following form: 
f =.fcovl + 4x, 41 (1) 
where c is the molecular velocity and 
f’“’ = /-) (2--)3’2 e-C2 (2) 
where p is the density midway between the plates; then, up to the first order 
in w, h satisfies the following integrodifferential equation: 
where L is the linearized collision operator. Assuming L from the B.G.K. 
model gives [2]: 
h(x, c) = wc,Y(x, c,) (4) 
where, if the length unity is assumed to be (2kT/m)1/20 (8 is the mean free 
time), Y(x, c,) satisfies the following integrodifferential equation: 
1 * c,E+Y=- 
s G m 
e-+.1’ Y(x, c,,) dc,, 
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and the boundary conditions 
Y 
( 
- $ sgn c, , tz) = - sgn c, (6) 
where 
6 = (m/2kT)1’2 d/B. 
Y(x, c,) has the following antisymmetry property: 
Y(x, c.J = - Y( - x, - cd (7) 
Consequently the general solution of Eq. (5) according to the method of 
elementary solutions [lo] takes on the form: 
Y(x, CJ = 4(c, - 4 + P I”, z exp (- & - %) + 
+ P(cA &A exp (- : - &) 
with the antisymmetry condition: 
A(w) = - A(- w). (9) 
The symbol P appearing before the integral in Eq. (8) means that the 
Cauchy principal value is considered. A, is an arbitrary constant, A(v) is a 
function such that the improper integral appearing in Eq. (8) exists (it must 
be Hdlderian, if the integral is required to exist pointwise). Besides: 
p(t) = fi (et2 - 2t j: ev2 dv) = eta P il”, z dv. (10) 
The boundary conditions give: 
P 
s 
m*dv 
ov-CC, 
+ p(cJ A(c,) = - 1 - A, (4 + cz) + jr 3 e-6/u dti. 
(11) 
Let us act on both sides of this equation with the inverse of the operator 
appearing in its left side [lo, 12, 131; the result reads as follows: 
l/;r ev2 -- 
2 [p(~>l” + r2v2 
X( - w) j-r ux’;;t’,,-a’u A(u) du (12) 
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provided that the following condition is satisfied 
A, = - [l + J’W OX- z!) e-611: A(v) d”] (s,2)l + ~ . 
0 
(13) 
Here 0 = l/O = I. 1466 (79’“/2) is the ratio of the slip coefficient to 0 [l 1, 121 
while 
(14) 
In such a way the problem has been reduced to solving the integral equa- 
tion (12), matched with the condition (13). In the following section the solu- 
tion of Eq. (12) by a Neumann-Liouville series is investigated. 
3. SOLUTIONOFTHEPROBLEMTHROUGHTHERATIO 
OF Two CONVERGING SERIES 
In order to investigate the convergence of the Neumann-Liouville series 
of Eq. (12), it is expedient to symmetrize the kernel of this equation, by 
using the following notations: 
B(a; 6) = A@; 6) (ve-~2-(y{p(v)}2 + 7r2v2]}1’2 
K(v, u; 6) = 9 H(u; 6) H(v; 6) X( - 24; S) X( - v; 6) & 
ue”~-(61u) 
fb; 6) = &(u)]2 + T2u2 
112 
B,(v; 6) = 9 I X(- 4 I WV 3. (15) 
Then : 
B(a; 6) = A&,(v; 6) - j, K(v, u; 6) B(u; 6) du. (16) 
Now [12]: 
-dz<x(-zg<o (v > 0) (17) 
and consequently: 
21 
- 
4 
- 
B&J; 6) < + H(v, 6) < -$ H(o; 0). 
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Accordingly B,(v; S) is a square integrable function, since it satisfies [12]: 
Besides, our kernel is square integrable, since: 
21 
G P2 
J 
G ev2 
< [p(u)12 + 7T2u2 [P(V)12 + n2v2 (20) 
and consequently [ 121: 
N2(S) = ,;j- [K(v, u; S)]” dudv < [I; Lpg2 “;I $v2]2 = 1. (21) 
Then the Neumann-Liouville series for Eq. (16) converges for every 
6 [14]. From the fact that IV(S) is a decreasing function of S, it is evident that 
the larger is S, the more rapid is the convergence. 
The procedure which has been now ascertained to converge gives A(v) 
in the following form: 
A(v, 6) = A,(S) 2 (- 1)” A(K)@; 6); L4’K’(V) > 0; (22) 
K=O 
consequently, Eq. (13) gives: 
A,(S) = - -!-- 1 
; + u K$o (- 1)” U(K)(S) 
(231 
where 
u(o’ = 1. 7 u(K)(S) = 1; ve-b/v ( X( - v) 1 A (K--l)(v; 8) dv. (24) 
The series appearing in Eq. (23) h as alternate signs; besides, by using 
the recurrence formula for the Atk)‘s, the following inequalities are got: 
u(~+l~(S)=~~~~~v,X(-~~,~e-~~~~~;j0~~~-;l)~~;6’~A(~-~~(~;S)dvdu 
0 
ev2 dv 
< IL .I-; [p(v)]2 + 7973 I
m u 1 X(- u) 1 e-O/u A(K-l)(u; S) du 
o 
= u’K’(S) 
98 CERCIGNANI 
4-P a(l)(S) = 2 s m WV* I q- w) I2 @,* dv 0 [ml2 + 7r2f12 
co ev2 dv < 
0 [PW12 + ~2~2 
= -L- < 1 = u(o), 
d/z (25) 
Accordingly the series czzlT=, (- 1)” a@)(S) converges to a nonzero limit 
and A,(6) is perfectly specified by Eq. (23). Then A(v, 6) is given as the ratio 
between two convergent series: 
45 6) = - (s,2; + u 
c&J (- qK lP(v; S) 
c;==, (- 1)K u(K) . 
(26) 
In particular, when 6 -+ co: 
A1 - - (8,2: + u 
and away from the walls 
(27) 
Y(% c,) - J%! - 4 = (sy2);20 . (28) 
Accordingly, by calculating the moments of the distribution function (I), 
the results of the continuum theory with slip boundary conditions are got. 
4. ANOTHER FREDHOLM EQUATION WHICH SOLVES THEPROBLEM 
Another way of solving Eq. (11) can be considered, by writing it as follows: 
de, + p(cJ A(c,) = - sgn c, - A, ( 6 - sgn c, + c, 2 1 
- sgn c, 
s 
m vv,“;w; 
0 2 
, [l - e-8/V] dv (29) 
while Eq. (11) holds only for c, > 0, Eq. (29) is seen to hold for c, < 0 as 
well, if Eq. (9) is taken into account. 
Let us now act on both sides of Eq. (29) with the inverse of the operator 
appearing in its left side [lo, 12, 131; the result reads as follows: 
- [p(v)]2 + &pgn t!J I ; ufff(;; , [l - e-T du 
* 
+ [p(nn:; Tr2n2 I 
m dt / t ( e--t2 
I 
m du d(u) 
--m t-w o u+(tl [l - e--6/Ul (30) 
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provided that: 
4 = - [ 1 + 2 1: ~49 9(- 4 (1 - e-9 df~] z2) +l (d;F/2) 
where 
q(w) = P !!; g dt. 
An easy manipulation shows that: 
I‘ 
00 dt 1 t 1 e-t* 
-0, t-w I 
m du z&l(u) 
u+(tl Cl - e-a’ul 
O u&) = 
I o u+v e-8YaW - q(- 41 du 
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(32) 
(33) 
Since it is sufficient to consider only positive values of w, Eq. (30) becomes: 
where 
2 
- [p(w)]fV+ 7T2w2 s muS(w, u) . (1 - e-8/u) A(u) du (34) o 
2 
-1 
m 
s(w, u, = 24. + w 
t(t + u + w) e-@ dr 
0 (t + w) (t + u) 
and Eq. (10) has been used. 
It is an easy matter to verify the following inequalities: 
q(-w)<$ wq(-w)<Q S(Tv<-g 
wS(w, u) < 2q(- u) < IL wu[S(w, u)]” < 4q( - u) q( - w) < x. (36) 
These relations will be useful in the following section for showing the con- 
vergence of the Neumann-Liouville series of Eq. (34). 
5. SOLUTION OF Ed. THROUGH THE RATIO 
OF Two CONVERGING SERIES 
Let us symmetrize the kernel of Eq. (35), by putting: 
B(w; 6) = A(w; S) {we-u2[{p(w))2 + 7r2w2] (1 - e-alv))l12 
B,(w; 6) = 2q(- w) H(w) 
K(w, t; 6) = S(0, t) (1 - e-alv)112 (1 - e-8/u)1/2 H(w) H(t). (37) 
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Then the integral equation satisfied by B(u; 6) reads as follows: 
B(v; 8) = - (1 $- A, ;) B,(v; 8) - jr K(v, t; 6) B(t; 6) dt (38) 
K(o, t; 6) is a square integrable kernel and its square norm is 
N2@) = j;j [K(v, t; S)]” dvdt < 12 j; ,&~);‘~v2~2 
2 
= l- (39) 
Accordingly the Neumann-Liouville series for Eq. (38) is always conver- 
gent and A(v; 6) can be expressed as follows: 
&J; 6) = (1 + A, ;, 2 (- l)K+r /l’K’(v; S) (A(K)(v) > 0). (40) 
X=0 
Consequently: 
%J (- lWK)@) 
A1(s) = - (A- /2) + (S/2) qzo (- l)KP’K’(~) (41) 
where 
p(O)(S) = 1; pcK)(S) = 2 jm vA(~-~)(v) q( - v) (1 - e--6/V) dv (K> 1) 
0 
The p’s are positive quantities decreasing with K, in fact: 
(42) 
puwyq = 2 jrj vq(- v) (1 - e-+) 
S(v, u) (1 - e-*l”) A(K-l)(u) du . dv 
<4 
J-7 0 
~2v2 (1 - e-slu) A(“l)(u) du dv 
eV2dv 
< d-K 1; [p(v)]2 + 7&P s 
m up( - u) (1 - eealu) A(“l’(u) du 
o 
= p(K)(S) 
ev2dv 
< TAT- 1; [p(v)]2 + 7&P = l. (43) 
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Accordingly xl==, (- 1)” p@) converges to a positive number and Eq. (41) 
determines A,(S). Besides, Eq. (41) gives: 
cc 
CL-~ (- 1)” A’fl(V* 6) 
&; s, = - 1 + (S/d,) x;=_, (- lj+o * 
(44) 
It is obvious that the smaller is 6, the more rapidly converge the series 
appearing in Eqs. (41) and (43). 
6. CONCLUDING REMARKS 
It has been shown how to handle the plane Couette flow with the elementary 
solution method. All the series have been shown to converge, but different 
expansions have been given in order to ensure a more rapid convergence both 
for small and large Knudsen numbers. 
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